We focus on the Sagnac effect for light beams in order to evaluate if the higher order relativistic corrections of kinematic origin could be relevant for actual terrestrial experiments. Moreover, we discuss to what extent the analogy with the Aharonov-Bohm effect holds true in a fully relativistic framework.
I. INTRODUCTION
More than a century ago, Sagnac first predicted and then verified that there is a shift of the interference pattern when an interferometer is set into rotation, with respect to what is observed when the device is at rest [1, 2] . Actually, if Ω is the (constant) rotation rate of the interferometer with respect to an inertial frame, S is the vector associated to the area enclosed by the light path and λ is the wavelength of light, he predicted, and actually measured, the following fringe shift (which was named, after him, "Sagnac effect")
for light waves counter-propagating in a rotating interferometer. The proper time difference associated to the fringe shift (1) turns out to be
Actually, it is interesting to point out that Sagnac interpreted these results in support of the ether theory against the Special Theory of Relativity (SRT), since he wrote that "[...] the observed interference effect turns out to be the optical vortex effect due to the motion of the system with respect to the ether [...]" [2] . As a matter of fact, during the following years and also more recently (see e.g. the review [4] and the other papers on the subject in the monograph [5] ), many authors interpreted this effect as a conundrum in the SRT when it is applied to rotating reference frames; however, it is nowadays manifest that the Sagnac effect can be completely explained in SRT as an observable consequence of the synchronization gap predicted for non-time-orthogonal frames (see e.g. [3] , [4] , [6] , [7] and references therein). Besides being relevant for the understanding of the theoretical foundations of the theory of relativity, the Sagnac effect has become important since the development of lasers, which allowed a remarkable advance of light interferometry [8] .
Thanks to the increasing accuracy, many technological applications based on the Sagnac effect were developed, such as fiber optic gyroscopes, used in inertial navigation, and ring laser gyroscopes, used in geophysics [9] [10] [11] . Furthermore, the Sagnac effect due to the rotation of the Earth and of the satellites orbiting the Earth cannot be neglected in applications such as the Global Positioning System [12] .
Today, the Sagnac effect is important also for fundamental physics. In fact it has been recently suggested the possibility of using large ring lasers for an independent determination of the Lense Thirring effect, in an Earth based experiment [13] [14] [15] : these devices measure with great accuracy the rotation rate of the terrestrial laboratory where they are located with respect to an inertial frame, e.g. with respect to fixed stars and, in doing so, the gravitational drag of inertial frames comes into play (see for instance [16, 17] ). For practical motivations pertaining to the realization of such experiments, it is important to focus on the corrections to the leading term of the Sagnac effect. For this reason, for instance, the effect of the deflection of light, due to the rotational inertial forces, on the Sagnac time delay was studied in [18] . In this paper, we focus on the Sagnac effect in flat space-time, to work out the impact of the higher order kinematic corrections to the leading term, expressed by formula (2) . In particular, we will discuss to what extent eq. (1) is independent from the position of the center of rotation and from the shape of the enclosed area for an Earth-bound interferometer and, also, its relation with the Aharonov-Bohm effect.
The paper is organized as follows: in section II we introduce the mathematical framework for describing the Sagnac effect, while in section III we apply the formalism to the case of a terrestrial laboratory. Conclusions are eventually drawn in section IV. We use the following notation: Greek and Latin indices denote space-time and spatial components, respectively; letters in boldface like x indicate spatial vectors. Moreover, if not otherwise stated, we use units such that c = 1.
II. FOUNDATIONS OF THE SAGNAC EFFECT
In this Section we sketch the mathematical framework for the analysis of the Sagnac effect in a stationary spacetime: a thorough approach can be found in [19] . To begin with, both the observer (i.e. the measurement apparatus) and the experimental setup (i.e. the interferometer) are at rest in a reference frame which, in turn, is uniformly rotating with respect to an inertial frame. If we choose a suitable set of coordinates {x µ } = {x 0 , x i } adapted to the rotating frame, the space-time metric does not depend on time and, with sufficient generality, it can be written in the form
The observer is located at a fixed spatial point in the rotating frame, whose coordinates are x i P and, from this point, two light beams are simultaneously emitted, and propagate in opposite directions along null curves that correspond to the spatial path of the interferometer. Then, it is possible to show that the given observer measures the proper-time difference ∆τ = τ + − τ − between the co-rotating beam propagation time (τ + ) and the counter-rotating one (τ − ):
where ℓ is the spatial trajectory of the beams, whose tangent vector is dl. We emphasized the spatial dependence of the metric elements in (4) because it is relevant for deriving the subsequent results. The original Sagnac formula (2) is expressed in terms of area enclosed by the path of the beams: in order to see the connection with eq. (4), we need to use Stokes theorem. To this end, it is useful to define
In particular h and ϕ are a vector and a scalar with respect to the spatial coordinates transformations x ′i = x ′i (x i ) internal to the reference frame. Moreover, in the gravitoelectromagnetic formalism (see e.g. [20, 21] ), h is usually referred to as the gravitomagnetic potential: this enables to formally introduce the gravitomagnetic field b . = ∇ ∧ h. Then, we may write the Sagnac time delay in the form
Now, by applying the Stokes theorem we may write the integral in (6) in the form
where S is the area vector of the surface enclosed by the contour line ℓ. By using vector identities, we obtain
So the Sagnac time delay (6), in terms of surface integrals, reads
This is the general expression of the Sagnac effect in terms of surface integrals. It is often said that the Sagnac effect can be expressed in analogy with the Aharonov-Bohm effect (see [6] and references therein): in other words the Sagnac effect is described in terms of the flux of the gravitomagnetic field across the interferometer area. Indeed, in terms of the gravitomagnetic field, the time delay (9 ) reads
By inspection, we see that if ϕ(x i ) is constant over S, or its change is negligibly small, the first integral in (10) goes to zero, and the second is proportional to
As correctly reported by [18] (see also [4] ), this is just a formal analogy, because in the case of the Aharonov-Bohm effect the magnetic field is null along the trajectories of the particles, while in the case of the Sagnac effect the gravitomagnetic field, which is proportional to the rotation rate vector (see below), is not null. Moreover, we have just seen that the exact expression (10) can be written in terms of the flux of the gravitomagnetic field across the interferometer area only to lowest approximation order: this fact clearly limits the analogy between the two effects. In any case, in the following section we will give numerical estimates in order to evaluate to what extent the analogy holds true in actual terrestrial experiments.
III. THE SAGNAC EFFECT IN THE LABORATORY FRAME
Because of the actual interest in experiments exploiting Sagnac-based devices, such as ring lasers, it is important to evaulate the Sagnac effect in a terrestrial laboratory. As described in [14] , this can be done by defining the space-time metric in the "proper reference frame", that is to say nearby the world-line of the observer which performs measurements with the ring laser and moves in a given background reference frame. Indeed, here we are not interested in the effects due to the gravitational field of the Earth, rather, we want to investigate the relativistic kinematic effects, due to the diurnal rotation. In order to define the suitable framework in which experiments are performed, we suppose that the observer carries an orthonormal tetrad and, to this tetrad, we associate the set of space coordinates x i and the observer's proper time x 0 ; in terms of these coordinates the metric coefficients in a neighborhood of the observer's world-line can be written in the form (see e.g. [16] )
We emphasize that the metric (11) holds only near the world-line of the observer, when quadratic displacement terms are negligible. In the above equations, A is the spatial projection of the observer's four-acceleration (in the background reference frame), η µν is the Minkowski tensor, while the rotation rate vector Ω is related to the parallel transport of the basis four-vectors along the observer's world-line 1 . It is possible to show (see e.g. [14] ) that, starting from a suitable metric which describes the gravitational field of the rotating Earth, and taking into account the motion of the Earth-bound laboratory, the rotation rate Ω turns out to be Ω = −Ω 0 − Ω T − Ω G − Ω B − Ω W , where Ω 0 is the Earth rotation rate, as measured in the local frame, Ω T is the Thomas precession, Ω G is the geodetic or de Sitter precession, Ω B is the Lense-Thirring precession, and Ω W is due to the preferred frame effect. Since here we are interested in the kinematic effects only, we neglect the contributions of gravitational origin Ω G , Ω B , Ω W due to the mass and angular momentum of the Earth, and we obtain
For an Earth-bound laboratory, it is
θ Ω ⊕ where R ⊕ is the terrestrial radius, θ is the colatitude angle of the laboratory location and Ω ⊕ is the terrestrial rotation rate, as measured in an asymptotically flat inertial frame. As for the Thomas precession its expression turns out to be
in Ω ⊕ R ⊕ , we get
Moreover, if we neglect gravitational terms, for an Earth-bounded laboratory, on using cylindrical base vectors u ρ , u ϑ , u z , it is possible to write the laboratory acceleration A with respect to the Earth Centered Inertial frame (ECI) and the rotation rate (13) in the form
1 In particular, if Ω were zero, the tetrad would be Fermi-Walker transported. Now, it is possible to apply our general relation (9) . In this case, it is
In particular, we see that the gravitomagnetic field turns out to be b = 2Ω. On substituting in (9) we obtain
and then, by performing the vector operations
Since, in this case, A · Ω = 0, choosing the origin in correspondence of the observer (i.e. x P = 0), we may write:
We see that the Sagnac effect depends, in general, both (i) on the location of the interferometer in the rotating frame through the acceleration A, whose expression is related to the laboratory location on the Earth, and (ii) on the interferometer extension, since the integrands in (18) are not constant across the interferometer area. In order to evaluate the impact of these effects, it is useful to introduce the dimensionless parameter
where L is the linear size of the interferometer. As a consequence, to zeroth order in ε, we get
that is the original Sagnac formula (with c = 1), as expected, and the analogy with the Aharonov-Bohm effect holds true. A development in power series of ε allows to evaluate the Sagnac effect up to all required orders: however, it is manifest that the corrections to ∆τ 0 deriving both from the first and the second integral in (18 ) are proportional to ε. In terms of rotation rate measured by ring lasers, this corresponds to a relative sensitivity that is at least ∆Ω/Ω ≃ 10 −19 . This is some 11 orders of magnitude smaller than the relative sensitivity currently available from the ring laser G in Wettzell [22] , and 8 orders of magnitude smaller than the expected sensitivity of the GINGER experiment, aimed at measuring the Lense-Thirring effect [14, 15] .
IV. CONCLUSIONS
We studied the Sagnac effect for light beams in flat space-time, in order to evaluate the possible higher order corrections of kinematic origin to the Sagnac formula (2). In particular, we focused on the relevance of these terms for terrestrial experiments that are now being planned. To this end, we worked out the necessary formalism in the context of the local laboratory frame and, in order to make a connection with the Aharonov-Bohm effect, we derived an exact expression of the Sagnac effect in terms of surface integrals, across the interferometer area. We showed that the analogy with the Aharonov-Bohm effect holds true to lowest approximation order only and that, in general, the Sagnac effect is influenced by both the position of the interferometer in the rotating frame and on its extension. The expressions that we obtained can be developed in power series of a suitable dimensionless parameter, to obtain all kinematic corrections. However, as for the accuracy available for the experiments that are now under investigation, the lowest order approximation is sufficient, so that the special relativistic or kinematic Sagnac effect is consistently described by the expression (2).
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